We study the Wheeler Dewitt equations for the wave function of the universe in 2 + 1 a,nd 3 + 1 dimensions. Perturbation methods are developed and the first few orders are explicitly calculated for the case of an inflating universe. We find that early quantum fluctuation can produce large scale inhomogeneities in the global structure of the universe at later times.
Jhtroduction
Quantization of the gravitational field in a flat background has led to a systematic though non-renormalizable perturbation theory for S-matrix elements.
For the purpose of laboratory particle physics such a description may eventually prove adequate.
The a.pplication of quantum mechanics to the universe as a whole is much more problematic. In particular conceptual problems arise which concern the operational meaning of the coordinate labels of space-time points. In classical gravitation theory we are free to imagine physical coordinate frames composed of rods, clocks, dust particles or other material systems. So long as these objects are sufficiently light their influence on the gravitational field is negligible. In contrast to this, the coordinate frames used to anchor t.he space time points in flat space quantum theory must be infinitely heavy if they are not to fluctuate.
No fundamental principles of special relativity or quantum mechanics forbid such heavy frames arbitrarily weakly coupled to the system under consideration.
The combination of quantum mechanics and gravitation makes it impossible to introduce non-fluctuating material coordinates without disturbing the system or violating the laws of nature. The only alternative is a coordinate independent description. Consider then how coordinate time may be eliminated. The universe is described by a wave function 9 depending on spatial geometry and matter fields [1, 2] . Some dynamical variable such as the total spatial volume may be chosen to replace time. Instead of asking how the probability for some field 4 varies with time we ask for the conditional probability that 4 has a specific value given that the universe has volume V. This information is contained in the wave function +(V, 4,. . .) similarly the wave function should not refer to particular spatial coordinates.
In the case of flat space asymptotic conditions the problem.of physically realizable coordinates is less serious if physical questions are restricted to scattering amplitudes. In 3+ 1 dimensions gravitational influences die off sufficiently rapidly so that asymptotic material coordinates can be introduced without disturbing the interactions between particles. In quantum cosmology we have no such recourse and must be content with a coordinate free description. Such a description can be based on the formulation of Wheeler and Dewitt [1, 3] . This paper is primarily concerned with the W-D equations and their perturbative solution.
Canonical Formalism
We begin with a review of 2+1 dimensional general relativity and its canonical formalism [4] . Spacetime is described by the 3-bein e; where Q and JL refer to tangent space and coordinate space respectively. We shall choose coordinates X0, X1, X2 so that the "shifts" vanish [4] l-5) where g is a dimensional coupling with units of (mass)-! and R3 is the 3-dimensional curvature scaler.
The Lagrangian (1.5) contains second time derivatives of e&. These may be eliminated by adding a total time derivative to L. The result is given by (1.6) where 1 c 1 is the determinant of the time derivative of eO, and R2 is the intrinsic 2-space curvature given by
From (1.6) we may derive a Hamiltonian density given by
Here nr is the canonical conjugate to eO,.
The classical field equations are:
1) Euler Lagrange equations of motion for e&.
(1-Q)
These are the space-space components of Einstein's equations.
If we further restrict the choice of coordinates so that ez = 1 (synchronous gauge) then e satisfies linear equations of motion (1.10) and the general solution is
2) Vanishing of the generators of local 2-space coordinate transformations.
Under an infinitesimal 2-space coordinate transformation X" + xm + f"(z) The vanishing of J is automatic in the usual formulation in terms of the metric CJmn. The same solution can also be interpreted as a closed universe with the topology of a torus. In this case the system is assumed periodic in zr and x2.
4) Vanishing of H(z
Another class of solutions is given by [5] e&(x, t) = 6: 6: eTi$., -I-Me-2 (1.20)
where M is a traceless symmetric matrix satisfying TrM2 = 2
These solutions have the peculiar property that lel = 0 at t = 0. This implies a collapsed configuration of zero 2-volume.
Finally we can consider closed spherical space solutions. Let S&(Z) be a 2-bein describing a unit 2-sphere. The Jacobian of this transformation is
To compensate this Jacobian we choose P(e) = EI l4-2 
The Wheeler Dewitt Equation
All that is needed now to write down the W-D equation is to expression H(x) in terms of the D's and order it so that it is hermitian. According to (1.17) the classical density H(x) consists of 3 terms
H2 '7 R2 (3.2)
P-3)
Hz and H3 are manifestly hermitian and may be taken over into the quantum theory without modification. H1 however is not hermitian as written in (3.2).
Using ~2 = ZT 0: and reordering the operators, HI can be made manifestly
The W-D equation is obtained by using
and writing Note that the is(O) term cannot be removed by simply subtracting a constant from H because it has opposite sign for $J+ and $J-. Unfortunately we do not know whether the simple prescription in (3.5) removes all such non hermitian singular effects when the curvature term in H is restored. *
Linearized Theory
In this section we will linearize and solve the W-D equation to leading order in g. For simplicity we first consider the case of spatial geometries with the topology of a torus, or infinite plane. Our solution corresponds to perturbing about the classical solution given in eqs. (1.18) and (1.19).
We begin by Fourier decomposing e&
where the values of k are determined by the appropriate periodicity of the toroidal parameter space x. In the case of infinite space the sum is replaced by an integral.
The fourier amplitudes e(k) will be separated into a background part which is not assumed small and a fluctuating part proportional to g. In particular the fourier amplitudes e(k) for k # 0 are all assumed small. The amplitudes e(k = 0) are separated into a piece proportional to the unit matrix which is not assumed small and a traceless part which is. Thus we write The variables (&,a), (h ,g) and (h(k), q(k)) f orm conjugate pairs. We shall use a simplifying notation
Let us assume that the wave function can be written in the form
where $0 is gaussian in h (but not a) and xn are polynomials in h. The procedure for finding $JO and xn is straightforward. We apply the fourier transformed constraint equations
and require that they be true to order g*-'. Surprisingly we find that this guarantees that the total hamiltonian
annihilates $J to order gn. This is not totally unexpected for the following reason.
Consider the Einstein equations expanded to a given power in the fluctuations h. The time-time and time-space equations are just the constraints (4.6). The space-space equations are the hamiltonian equations of motion for e&. In order for these to be satisfied to order n -1 the total hamiltonian must be correct to order n.
The contribution of the curvature term -y to H(k) is an infinite series in g. We shall need to know the first two terms of this series.
lelR2
-g2=-
where Et, means a constrained sum in which e + p -k = 0.
In analogy with (4.4) we will sometimes write
In expanding H in powers of g the conjugate momentum Q should be assumed to be of order l/g 2. This can be seen by noting (4.10) Thus to order go, H(k) and P(k) are given by The objects in the exponents of (4.18) are the leading contributions to geometric invariants. Consider first u2 + g2 ck I hl.
where V is the spatial volume.
Next consider C(k2Trk -kakmh&)2/k2a2. From constraints. In Section 7 we will explicitly compute the fluctuation in a variable 4~ that was introduced [6] to study the gauge invariant fluctuation spectrum of inflating universes. We will find ~H$J = 0 in the matter free case.
To the next order in g the wavefunction has the form Up to this point no divergences appear in the calculation of ~+4. In the next order infinities arise which can be countered by renormalization of g and X. Beyond that we do not know what happens but it is possible that an increasing number of counter terms is required at each order.
It is also possible that non-hermitian counterterms will be needed to eliminate some infinities. These would be analogous to the i&(O) terms we encountered when we used the wrong ordering in the simplified model of section 3. They would indicate quantum corrections to the measure (2.7).
Scalar Matter Fields
We now add a minimally coupled scalar matter field. The matter field La- This is the first place that the classical notion of time has entered our formalism. It is a convenient description of the correlations in the W-D wave function, within the semiclassical approximation. Once the geometry has large quantum fluctuations, time loses all meaning. Many author's [7] have attempted to define time variables which make sense in the quantum region, but with no success. The W-D equation is second order in all of its variables and it is impossible to convert it exactly into a Schrodinger equation. We accept the argument of Dewitt [I] that time is only an approximate concept in quantum gravity.
Gaussian solutions to (5.9) can be found which span the entire space of solutions. We therefore look for solutions of the form 44) = exp -2 1 IW, WW4t-k)]
Applying (5.9) to (5.11) we get an equation for F( t, k)
The general solution to (5.12) is of the form It is interesting that for large a the probability distribution for $(k) becomes a-independent.
We have carried out the calculation of T,!J to order g when the matter field is included. In this order the quantum fluctuations in 4 begin to become correlated with the metrical perturbation h. The wave function to order g has the form
x [ 1+ 9 c fcv, P)~W(P)Gw -P)] The term linear in F is a correction to the invariant whose lowest order term is the logarithm of (5.11).
Spherical Geometries
Thus far we have considered 2-spaces with the topology of a torus or plane.
We now turn our attention to topologically spherical geometries. We again decompose e&(x) into a dominant term describing the homogeneous isotropic component plus fluctuations. Let
4%) = E$ a(t) + gh&
where E& describes a sphere of unit surface area. Such a sphere has uniform Gaussian curvature given by R = 47r (6.1) For a simple description it is convenient to map the sphere onto the plane by stereographic projection. Then Eh is given by (6. 2)
The fluctuation ghh(x) is assumed orthogonal to Ek.
To find the wave function we follow the same procedure as in section 4. To leading order the total hamiltonian is H 2Q2 Xa* 4n =-g z+F-? (6.4 where Q is conjugate to a and the constant 47r is obtained by integrating lelR2.
We apply (6.4) to @(a) and require the result to vanish to order $. We write where A'=%=* 167r-4Xa*, and the kernel K must satisfy (6.8) Equation (6.8) is the condition that the second factor be invariant with respect to spatial reparametrization. It can be solved by invariants constructed from the curvature R. Define the substracted curvature
The density &R-% a (6.9) fi lel = Rlel -$\eI (6.10) when expanded in powers of h& has no zeroeth order term.
The general solution to the constraint P = 0 is given by / j-K(x) y)h(4hty) = / / \R lellz L&Y) @ kh & (6.11) where $ is any function of the invariant distance between x and y in the background geometry. The lowest order contribution to I'L' lej is given by -(R lellz = g? [&arh:
The next step is to solve for $ by using H(x) = 0 to order g-'. We find The easiest way to solve (6.14) is to evaluate it for h of the form h(x)6&. In fact there is no real loss of generality because any spatial metric in 2-dimensions can be brought to t,his form. In this case eq. Thus we see that there are two differences between the toroidal and spherical cases.
First, the term e is replaced by y with A given by (6.6). The second difference is the replatement of I = -/ Rlel& Rlel by I=-J a I4 (v* : 8K) R I4 (6.19) or more generally I=-/ WI G w (6.20) where G satisfies the "massive" equation -%Ielgmn&G(x, y) + 8wlelG(x, y) = 6(x -y) (6.21) In The reason that $J becomes real for a* < F is that this is the classically forbidden region. To determine which linear combination of wave functions in (6.24) to use with (6.22) we must extrapolate through the region a* -y. This however is the region in which our approximations break down.
In the limit X -+ 0 the wave function has the form of (6.24) . In the case the wave function is well behaved since I > 0. However if I it blows up for large volume and for wildly fluctuating (I >> 1) geometries of any volume (of course our approximation breaks down for I > 1.
Therefore requiring the wave function to be well behaved for wildly fluctuating geometries requires us to choose the wave function for which large volumes are exponentially suppressed.
Adding matter fields can be done as in the toroidal case. In the lowest order the wave function factorizes + = exp '9 + g2J$)l f/hatter 1 (6.25) Applying I HW *x and requiring the result to vanish to order go we obtain a Schroedinger equation for $Jmatter. -T] (7.8) (7.9) is unchanged by (7.8) . To leading order we can replace ir by di a. Thus define Using ha, = -4cabc mn@ it is easy to see that 2 is given by 4 ai;, = s2Hg(x) + 2 g* hv (7. 11) Equation (7.11) defines a measure of the geometric fluctuation at point x which does not depend on the choice of space-like surface through x. For an I1]Zg ia equivalent to V*@H defined in (Ref. [6] ) where H,(x) and P,(x) are the purely gravitational hamiltonian and spacetranslation generators.
expanding torus with metric eg = a(t)s&, 2 obviously vanishes. Furthermore for any geometry which uniformly expands in the sense that e&(x, 0 = a(t) e&(x, 0) (7.12)
we find zg = -I4 R(x) (7.13) Classically the general solution including matter fields asymptotically satisfies (7.12) from which it follows that Zs asymptotically become time independent.
Such a geometry asymptotically tends to a fixed shape which dilates with time.
The question we shall consider is how quantum fluctuations of Zs behave as the volume tends to infinity. Before beginning the calculation let us discuss the meaning of the possible results. The simplest possibility is that Zs -+ 0 with volume. This would indicate that the geometry becomes homogeneous. Quantum fluctuations in the global structure of space die in time.
A more interesting possibility is that Zs is not zero but has a limit as volume goes to 03. In this case the universe approaches a fixed shape which grows in time.
Finally one may find that Zs grows with volume. In this case quantum fluctuations cause bigger and bigger inhomogeneities and anisotropies as the universe grows.
We shall compute the quantity wdx, ?d = (~ulZ(x)Z(Y)t~~)c~nnected (7.14) where T/J" stands for the projection of (5.6) on the subspace with given volume V. This quantity measures the correlation between fluctuations at points x and y as a function of the the total volume. In particular we will be interested in the limit of large volume. Notice that if 1x -yl is kept fixed as V --) 00 the proper distance between the points grows like the scale factor o. Accordingly if (7.14) does not vanish as V + 00 then quantum fluctuations distort the global large scale geometry of the universe even when it grows to arbitrarily large size.
To begin the calculation we note that eq. (5.6) defines a product state with the gravitational factor being unaffected by the matter field. Thus H&x) and
Ps(x) annihilate it. This means that (7.14) vanishes identically to order 92. The first non-vanishing contribution occurs at order g4. To compute it the wave function must be calculated to order g 2. However we can avoid this by observing that the constraints H = P = 0 require s2H&) s2ps(x) = -s2P,(x) (7.15) where Hm and P,,, refer to the matter field. Therefore we can calculate the quantit,y by using
Note that P, (X) = -$ Zm is the matter energy density in a "co-moving" frame where 0. The operators Hm and ?m are explicitly order zero in g. Therefore to calculate (7.16 ) to order g4 requires only the lowest order wave function given in (5.6). In fact since to lowest order in g, Hm and Pm are independent of hh (x) we can ignore the gravitational part of $ and write ?lm = exp (7.18) where a is identified with Vi. Since +!J m satisfies the Schroedinger equation in a classical background geometry the computation is identical to calculating the corresponding quantity for a quantum field in a classical exponentially inflating universe.
Let us consider a typical contribution to (7.17) . The matter hamiltonian has a contribution (V#)2. Thus consider the expectation value s41mw)2 cvM)2) (7.19) Because (5.6) is gaussian in C#J Eq. (7.19) can be written eik(z-y)bLk (7.22) where 6~ is a smeared 6 -function.
. The first term of (7.22) comes mostly from modes with C -a fi. In terms of proper momentum this means momentum of order 6. The second term is insensitive to the cutoff and arises from modes with e -k. The remaining terms in W give similar contributions. Thus we see that W consists of a volume independent contribution plus a growing term given by x g4 a2 6H(x -$/) (7.23) This term has a simple intuitive significance. The total co-moving energy in a (7.25) From (7.22) we see that (AQJ~ -(v u2)X (7.26) The quanity va.2 is the total proper volume of the region v.
If we consider v to be composed of disjoint volumes of order the horizon size then eq. (7.26) means that the energy fluctuations in these volumes are statistically independent and of order d%. Evidently the rapid inflation produces significant large scale distortions of the background geometry which do not disappear as the volume expands. Indeed as the low k modes are inflated past the horizon new fluctuations keep replacing them. The components of (8.4) labelled (a, 6, c, f) are nonpropagating degrees of and 41, $9 are the graviton degrees of freedom. We shall see that 41,~ behave in the same way as minimally coupled scalar matter fields. This term is non growing. The second contribution arises from modes with physical momenta of order fi and has the form ug4x5/2 S3(x -y) (8.10) This leads to the same conclusions as in the 2+ 1 dimensional case. In particular inflation leads to large scale inhomogeneity and anisotropy.
It is an open question whet,her this leads to observable effects.
